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Abstract This chapter discusses the theory of higher-order modes in the Feynman
Y function and cross-power spectral density (CPSD) in an accelerator-driven system
(ADS) where pulsed spallation neutrons are injected at a constant time interval.
Theoretical formulae that consider the higher-order modes of the correlated and
uncorrelated components in the Feynman Y function and CPSD for an ADS were
recently derived in a paper published by the author. These formulae for the
Feynman Y function and CPSD are applied to a subcritical multiplying system
with a one-dimensional infinite slab geometry in this chapter. The Feynman
Y functions and CPSD calculated with the theoretical formulae are compared
with the Monte Carlo simulations of these noise techniques. The theoretical for-
mulae reproduce the Monte Carlo simulations very well, thereby substantiating the
theoretical formulae derived in this chapter. The correlated and uncorrelated com-
ponents of the Feynman Y functions and CPSD are decomposed into the sum of the
fundamental mode and higher-order modes. This chapter discusses the effect of
subcriticality on the higher-order mode effects.
Keywords ADS • Feynman-α method • Higher-order mode • Monte Carlo •
Neutron noise • Power spectral density
12.1 Introduction
In accelerator-driven systems (ADS), fission chain reactions are driven by spall-
ation neutrons emitted from a proton beam target. An ADS is quite different from
an ordinary nuclear reactor in that it is always operated at a subcritical state. Thus,
the safety requirements for reactivity control can be eased in ADSs. The
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subcriticality of an ADS, however, needs to be continuously monitored to maintain
its criticality safety. A reactor noise technique such as the Feynman-α method and
the power spectral density method can be a potential candidate for monitoring the
subcriticality of ADSs. The noise theory in ADSs is different from the classical
reactor noise theory in that multiple neutrons are injected from the proton beam
target at a single spallation event and pulsed neutrons are emitted deterministically
at a constant period. Many theoretical and experimental studies on the noise theory
in ADSs have been performed thus far. The theoretical formula for the Feynman-α
method or Rossi-α method in ADSs was studied by, for example, Pa´zsit et al. [1],
Pa´zsit et al. [2], Kitamura et al. [3], and Mun˜oz-Cobo et al. [4]. Another technique
that uses the auto-power spectral density (APSD) or cross-power spectral density
(CPSD) was studied by, for example, Mun˜oz-Cobo et al. [5], Rugama et al. [6],
Ballester and Mun˜oz-Cobo [7], and Degweker and Rana [8]. Sakon et al. recently
carried out a series of power spectral analyses in a thermal subcritical reactor
system driven by a periodically pulsed 14 MeV neutron source at the Kyoto
University Critical Assembly (KUCA) [9].
Both the Feynman-αmethod and the power spectral density method are intended
to measure a prompt neuron time-decay constant α of the fundamental mode
because the subcriticality is directly related to the fundamental mode α. The
measured results, however, are inevitably contaminated by the higher-order mode
components. To obtain an accurate knowledge of the subcriticality, the effect of the
higher-order modes needs to be quantified in detail.
Endo et al. [10] derived a theoretical formula of the Feynman Y function that
considers the higher order modes. Mun˜oz-Cobo et al. [11] also derived a similar
theoretical formula from a different approach. Using these formulae, Yamamoto
[12, 13] demonstrated quantitative analyses of the spatial- and energy-higher order
modes in Feynman Y functions, respectively. In these two works, the Feynman
Y functions were successfully resolved into spatial- or energy-higher order modes.
These discussions, however, involved subcritical multiplying systems driven by a
neutron source with Poisson character. They did not account for either a periodi-
cally pulsed neutron source or its non-Poisson character. Some previous work that
considered the higher-order modes in the noise techniques for ADSs has been
published (e.g., [6], [7]). In these previous publications, however, the effects of
the higher-order modes have not been quantitatively investigated. Yamamoto [14,
15] presented the formulae of the Feynman Y function and CPSD for ADSs that
consider the higher-order mode effects. Yamamoto [15] resolved the Feynman
Y functions and power spectral densities into the mode components. Verification
of the formulae was demonstrated by comparing the theoretical predictions with the
Monte Carlo simulations of the subcriticality measurement in an ADS.
The purpose of the present chapter is to investigate how the subcriticality would
affect Feynman Y function and power spectral density. The subcriticality of an ADS
differs from design to design. The smaller the subcriticality, the larger the neutron
multiplication that can be gained, which, on the other hand, decreases the margin of
criticality safety. The subcriticality undergoes a gradual change as the fuel burn-up
proceeds. The Feynman Y function and power spectral density emerge differently as
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the subcriticality changes. This chapter shows the dependence of subcriticality
measurement on its subcriticality, which will contribute to the design of ADSs
and planning of subcriticality measurements in the future.
12.2 Theory of Feynman-αMethod in ADS
This section reviews the theory on the higher-order modes in the Feynman-α
method in an ADS based on the work of Yamamoto [15]. Neglecting the energy-
and spatial dependence of neutrons in a subcritical system driven by a neutron
source with Poisson character, we obtain the Feynman Y function (the variance-to-
mean ratio of neutron counts minus unity) as
Y Δð Þ ¼ C1 Δð ÞC1 Δð Þh i  C1 Δð Þh i
2





where Δ¼ counting gate width, C1(Δ)¼ neutron counts inΔ, α0¼ fundamental
mode prompt neutron time-decay constant. When considering the energy and
spatial dependence in an ADS, however, the Feynman Y function is more involved,
as shown next.
The formula for the Feynman Y function in an ADS where q spallation neutrons
are emitted from the beam target at a constant period T is given by this expression
[15]:
Y Δð Þ ¼ C1 Δð ÞC1 Δð Þh i  C1 Δð Þh i
2
C1 Δð Þh i  1 ¼ YC Δð Þ þ YCS Δð Þ þ YUN Δð Þ, ð12:2Þ
where

















































  , ð12:5Þ
the angle brackets denote the ensemble-averaging operator, CR¼ count rate, and
αm¼ time-decay constant of the mth-order mode. (Refer to Yamamoto [14, 15] for
other nomenclature.) Equation (12.3) represents the correlated component of the
Y function, which also appears in a subcritical system with Poisson source. The
correlation in Eq. (12.3) results from the multiple neutron emissions per fission
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reaction. Equation (12.4) represents another correlated component caused by peri-
odically pulsed multiple neutrons. Equation (12.5) represents the uncorrelated
component caused by the periodically pulsed spallation neutron source.
A numerical example is considered for a one-dimensional slab with infinite
height. The thickness of the slab is H¼ 55 cm. The vacuum boundary conditions
are imposed on both ends of the slab. The spallation neutron source and neutron
detectors are allocated as shown in Fig. 12.1. This chapter considers a one-energy-
group problem. The constants used for the numerical example are Σt¼ 0.28 cm 1,
Σf¼ 0.049 cm 1, Σc¼ 0.05 cm 1, υ¼ 2, 200m/s, ν¼ 2, and q¼ 60, T¼ 0.01 s
(100 Hz). This system is sufficiently subcritical and keff¼ 0.95865 0.00002,
which is obtained by a Monte Carlo criticality calculation (it is referred to as
“large subcritical system” hereinafter). The Feynman Y function versus counting
gate width Δ at the position of the detector 1 in Fig. 12.1 is calculated with a Monte
Carlo simulation of the Feynman-α method. The simulation result at detector 1 is
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Fig. 12.1 Configuration of
detector and neutron source
in the one-dimensional








0 0.01 0.02 0.03






Fig. 12.2 Feynman Y function versus counting gate width by Monte Carlo simulation and
theoretical value at the detector 1
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theoretical value of the sum of YC(Δ) and YCS(Δ) calculated with Eqs. (12.3)
and (12.4). “Theory total” shows “Theory (correlated)” plus the theoretical value
of the uncorrelated component YUN(Δ), calculated with Eq. (12.5). The neutron flux
and αm, which are needed to calculate the theoretical values of Eqs. (12.3), (12.4),
and (12.5), are calculated with the Monte Carlo method up to the third-order mode
[16]. Beyond the third order, those are approximated with the diffusion theory:
αm ¼ υ Σf þ Σc þ DB2m  νΣf
 
,m  4 ð12:6Þ





sinBm xþ dð Þ,m  4 ð12:7Þ
Bm ¼ mþ 1ð Þπ
H þ 2d : ð12:8Þ
where d¼ extrapolated length(¼0.7104/Σt). The summation in Eqs. (12.3), (12.4),
and (12.5) is taken up to the 250th mode. As shown in Fig. 12.2, there is good
agreement between the Monte Carlo simulation and the theory, which shows
verification of the theoretical formula of Eq. (12.2). Using Eqs. (12.3), (12.4), and
(12.5), the Feynman Y function is decomposed into mode components. Figures 12.3
and 12.4 show the mode components of the correlated component and of the
uncorrelated component, respectively. In these figures, each mode component
includes the cross terms with the lower-order mode components. For example,
“1st higher” includes the cross terms between the fundamental mode and the first
higher-order mode as well as the first higher-order mode itself. Figure 12.1 shows
that detector 1 is located at the bottom of the first higher-order mode. Thus, the first
higher-order mode has a significant effect on the Feynman Y function of detector
1. Especially, the higher-order mode is more remarkable in the uncorrelated
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Fig. 12.3 Mode components of the correlated component in the Feynman Y function
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For a “nearly critical system” (keff¼ 0.99242 0.00002), the Feynman
Y function is calculated using Eq. (12.2). The constants used for the nearly critical
system are Σt¼ 0.2834 cm 1, Σf¼ 0.0524 cm 1, Σc¼ 0.05 cm 1, υ¼ 2, 200m/s,
ν¼ 2, q¼ 60, and T¼ 0.01 s (100 Hz). The Feynman Y function versus the counting
gate width is shown in Fig. 12.5. “Total” in Fig. 12.5 shows the sum of the
correlated and uncorrelated components. As shown in Fig. 12.5, the uncorrelated
component is very minor in the nearly critical system. Thus, the Feynman
Y function is almost the same as the correlated component. The higher modes are
negligibly small in the correlated component in the nearly critical system. Thus, the
accurately approximated fundamental mode α can be obtained by fitting the Feyn-
man Y function to the conventional formula, Eq. (12.1). On the other hand, if the
subcriticality is not small enough, the uncorrelated component and higher-order
modes have significant effects on the Feynman Y function. Therefore, obtaining a
fundamental mode α would become difficult by simply fitting the Feynman
Y function to Eq. (12.1). The Feynman-α method is not necessarily a suitable
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Fig. 12.5 Feynman
Y function in the nearly
critical system
124 T. Yamamoto
12.3 Theory of Power Spectral Density in ADS
Another subcriticality measurement technique is the power spectral density
method. This chapter focuses on the cross-power spectral density (CPSD), which
is the Fourier transformation of a cross-correlation function between two neutron
detector signals. In an infinite and homogeneous subcritical system where the
energy and spatial dependence of the neutron is neglected, the CPSD is simply
expressed as a function of frequency:
CPSD ωð Þ / 1= ω2 þ α20
 
, ð12:9Þ
where ω¼ angular frequency. The CPSD in an ADS where the energy and spatial
dependence is considered, however, is much more involved as
CPSD ωð Þ ¼ CPSDC ωð Þ þ CPSDUN ωð Þ þ CPSDCS ωð Þ, ð12:10Þ
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ð12:11Þ
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αn  iωmð Þ α‘ þ iωmð Þ ,
ð12:12Þ































where i ¼ ﬃﬃﬃﬃﬃﬃ1p , ωm¼ 2πm/T, and the subscripts C, UN, and CS have the same
meanings as in the previous section. For the two systems in the previous section
(large subcritical system and nearly critical system), Monte Carlo simulations were
performed to obtain CPSDs between detectors 1 and 2 in Fig. 12.1. In the simula-
tions, the pulse period is T¼ 0.05 s (20 Hz). The simulation result for the nearly
critical system is compared with the theoretical one in Fig. 12.6. The results of the
large subcritical system are shown by Yamamoto [15]. The theoretical results agree
well with the Monte Carlo simulations. The uncorrelated component, CPSDUN(ω),
emerges only at the integer multiples of the pulse frequency as the Delta-function-
like peaks. Thus, either of the correlated and uncorrelated components can be easily
discriminated from the CPSD. Using Eq. (12.12), the uncorrelated and correlated
components of the CPSD in the nearly critical system is decomposed into the mode
components, shown in Figs. 12.7 and 12.8, respectively. In the correlated
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component, the higher-order modes are negligibly small, and almost the whole of
the CPSD is made up of the fundamental mode. The same condition holds for the
large subcritical system. The higher-order mode effect in the correlated component
is minor even in the large subcritical system. In the uncorrelated component, the
higher-order mode effect is significant even in the nearly critical system. In the
large subcritical system, the higher-order mode effect is much more significant.
Thus, fitting the uncorrelated component to Eq. (12.9) yields an inaccurate α value
unless the system is nearly critical. For example, in the large subcritical system we
obtain α¼ 789 (s1) for the true fundamental mode α value of 940 (s1) [15] from





















Fig. 12.6 Amplitude of cross-power spectral density (CPSD) in the nearly critical system by
































Fig. 12.7 Mode components of the uncorrelated component in the CPSD in the nearly critical
system (real part)
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correlated component. In the nearly critical system, we obtain α¼ 172 (s1) and
178 (s1) from the uncorrelated and correlated component, respectively, for the true
fundamental mode α value of 179 (s1) [15].
12.4 Conclusions
In a subcriticality measurement for an ADS, the Feynman Y function in general
appears as the sum of the correlated and uncorrelated components. The higher-
mode effect in the correlated component is less significant than in the uncorrelated
component. Thus, a relatively good approximation of the true fundamental mode α
can be obtained by using the correlated component. However, it is not necessarily
easy to separate the correlated component from the measured Feynman Y function.
Considering the difficulty of separating the correlated component, the Feynman-α
method is not always suitable as a subcriticality measurement technique for ADSs.
In an ADS that is nearly critical, the uncorrelated component is very minor. Thus,
by fitting the measured Feynman Y function to the correlated component, the
fundamental mode α can be accurately estimated.
In a subcriticality measurement using the power spectral density method, the
uncorrelated component emerges at the integer multiples of the pulse frequency as
delta-function-like peaks. Thus, the uncorrelated component can be easily discrim-
inated from the correlated component. The correlated component is less contami-
nated by the higher-order modes. An approximate fundamental mode α can be
obtained by fitting the Feynman Y function to the correlated component of the
power spectral density. The use of the uncorrelated component is not always



































Fig. 12.8 Mode components of the correlated component in the CPSD in the nearly critical
system (real part)
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